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6 ■ 1 Introduction 

> 

^ I This is the first of two papers on the elliptic Calogero-Sutherland model, providing 



d ' details and proofs of various results announced in Ref. ||L1|| and culminating in an 



algorithm to solve this model |[L2|| . The results here are based on loop group techniques: 



we relate this model to a quantum field theory model of anyons which, as we believe, is 
interesting also in its own right. We have attempted to keep our discussion reasonably 
self-contained (and in particular explain all the physics terminology we use) and make 
it accessible also for mathematicians. 

In this Chapter we specify what we mean by finite temperature anyons and second 
quantization, and we also provide some background to the elliptic Calogero-Sutherland 
model. We then give the plan for the rest of the paper by summarizing our results. 

Background: By anyons we mean quantum fields parametrized by a coordinate 
X on the circle, — vr < x < vr, obeying exchange relations 

= e±-^0(y)0(x) (1) 
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where A > is the so-called statistics parameter. These anyons generalize bosons and 
fermions which correspond to the special cases where the phase factor e^"^^ is +1 and 
— 1, respectively.^ Mathematically, these anyons are operator valued distributions on 
some Hilbert space JF, and our construction amounts to giving a precise mathematical 
meaning to these objects and defining and computing anyon correlation functions. The 
latter are given by a linear functional u on the *-algebra generated by the anyons (the 
* is the Hilbert space adjoint). We construct a particular representation of the anyons 
which is such that the anyon correlation functions are given by elliptic functions with 
the nome 

g = exp (-/5/2) , /3>0 (2) 

where f3 can be interpreted as inverse temperature. For example, the simplest non- 
trivial anyon correlation function which we obtain is 

cj(0(x)*0(y)) = const. e{x - y)-^ (3) 

where 

oo 

e{r) = sin(r/2) Y[{1 - 2g2" cos(r) + g^") (4) 

n=l 

is equal, up to a multiplicative constant, to the Jacoby Theta function di{r/2). This 
function, or rather its regularized version defined in Eq. (|45|) , will play a prominent role 
in this paper. We also mention a particular element Vt in the anyon Hilbert space 
which can be interpreted as the thermal vacuum since it allows to compute the anyon 
correlation functions as vacuum expectation value, i.e., uj{-) = {Q,- Q) ((■,■) is the 
inner product in the anyon Hilbert space). Our construction provides another example 
of a quantum field theory model which can be made mathematically precise using the 
representation theory of loop groups (see e.g. |PS|| ). A main difficulty is what physicists 
call ultra-violet divergences: the anyons 0''*^(x) are operator valued distributions and 
thus products of them need to be defined with care. For example, the relation in Eq. 
(|l|) becomes problematic for x = y, and this difficulty also manifests itself in the anyon 
correlation function in Eq. (|^) which is singular for x y. The approach we use 
provides a particularly simple solution to this problem (we will describe the main idea 
in the Summary below). 

It is interesting to note that this very same quantum field theory model of anyons, 
for odd integers A, has been used in the theory of the fractional quantum Hall effect 
W|l . We also note that different constructions of finite temperature anyons on the real 



line were recently given in [|^, |LMP |, and (many of) the results there can be (formally) 



obtained from ours by rescaling variables x 2ttx/L and (3 — > 2n[3/L (which changes 
the circumference of the circle from 2ti to an arbitrary length L > 0) and taking the 
limit L — i> cx). 



^The name anyons is due to the fact that this can be any phase in general 
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We now give some background to the elliptic Calogero-Sutherland (eCS) model. 
The eCS model is defined by the differential operator 



d 

Hn = + ^ ^^^^ ~ ^^-^ 

j=l j l<i<k<N 

with — vr < Xj < TT coordinates on the circle S^, N = 2,3, > —1/2, and 

9 as in Eq. @. This function V{r) is equal, up to an additive constant, to Weierstrass' 
elliptic function p{r) with periods 27i and i/? (see Eq. ( |100| ) in Appendix A for the pre- 
cise formula). This differential operator defines a selfadjoint operator on the Hilbert 
space of square integrable functions on [— vr, vr]^ which provides a quantum mechanical 
model of identical particles moving on a circle of length 27r and interacting with 
a two body potential proportional to V{r) where 7 is the coupling constant.^ This 
model is a prominent integrable many body system (a standard review is Ref. |PP|| ). 
In particular the limiting case q = where the interaction potential becomes a trigono- 
metric functions, V{r) = (1/4) sin~^(r/2), is the celebrated Sutherland model whose 
complete solution was found about 30 years ago pu| . This explicit solution plays a 



central role in remarkably many different topics in theoretical physics including matrix 
models, quantum chaos, QCD, and two dimensional quantum gravity (for review see, 
e.g., Ref. Sect. 7). There is also an interesting relation between the Sutherland 
model and the theory of the fractional quantum Hall effect (see e.g. |[1R| , [W| , [YZZ|| ) 



which will be discussed in more detail below. We note that eigenf unctions of the eCS 
differential operator in Eq. (|^) are known only for N = 2 and/or integer values of the 
coupling parameter^ (1 + + 2'j)/2: For N = 2 these are classical results on Lame's 
equation (see e.g. ||W W|| ) which recently were generalized |[EK| , |^ and extended to 
A^ > 2 FVI| fN% . 



Of course, the differential operator in Eq. (H) does not define a unique self-adjoint 
operator, but our approach will automatically specify a particular self-adjoint extension 
(which for g = is identical with the one solved by Sutherland ||Su|| ; we note 



that some of the known eigenfunctions of the eCS differential operator mentioned are 
singular and do not correspond to that particular self-adjoint extension). 

By a second quantization of the eCS model we mean one operator Ti = Ti* on the 
anyon Hilbert space T which accounts for the eCS Hamiltonians if^v in Eq- (^D for all 



^As will be discussed in more detail in |L2|, this model corresponds to a particular self-adjoint 



extension |KT] which, for positive 7, is the Friedrich's extension of H^] see e.g. Theorem X.23 in Ref. 



^If we write 7 as in Eq. (p|) below then the coupling parameter is equal to A. 
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particle numbers A^. To be more specific, the commutator of this operator Ti with a 
product of anyons 

$^(x) := <P{x^)---<P{xn) (7) 
is essentially equal to the eCS Hamiltonian applied to this very product, i.e., 

[7^,<l>^(x)]^] = i^^<l>^(x)^] (8) 

where VL is the above-mentioned thermal vacuum, and the coupling constant of the eCS 
model is determined by the statistics parameter of the anyons as follows, 

7 = 2A(A-1). (9) 

Such a second quantization was previously known in the trigonometric limit (corre- 
sponding to zero temperature) |[MP| , |AMOS| , |, |MS| , |CL|| , and in this paper we gener- 



alize it to the elliptic case. It is remarkable that this generalization is most natural 
from a physical point of view: it amounts to going from zero- to finite temperature. In 
the trigonometric limit (corresponding to zero temperature), this second quantization 
has provided an interesting direct link between the Sutherland model and the theory 
of the fractional quantum Hall effect, and we expect that our finite temperature gen- 
eralization should be interesting in this context, too. However, our main motivation 



and emphasis is mathematical: In Ref. ||CL|| the second quantization of the Sutherland 



model was used to derive an algorithm for constructing eigenvalues and eigenf unctions 



of the Sutherland model and thus recover the solution of Sutherland fS^. We will 
use the second quantization to derive a remarkable identity for the anyon correlation 
function F/v(x, y) = $^(x)*<I>(y)fi) (see Proposition^) which, as we will outline 
in the conclusions of the paper, is the starting point for a novel algorithm for solving 
the eCS model |[L2|| . To obtain this identity we will needQ 



(^],[7^,$^(x)*$^(y)]^]> = o (lo) 

which is the second important property of Ti and in fact the one which restricts us to 
interactions V{r) which are Weierstrass elliptic functions (Eq. (P) actually holds true 
in more generality). 



Summary of results: In Section 2 we construct anyons, i.e., give a precise mathemat- 
ical meaning to the quantum fields (t){x) and compute all anyon correlation functions. 
The basic idea of our construction is to use vertex operators similar to the ones used 
in string theory (see e.g. [Q) and which we make mathematically precise using the 
representation theory of the loop group of U(l) (in the spirit of Ref. @). We deviate 
from a similar previous construction of zero temperature anyons [pL|| in that we use a 

*[a, b] := ah — ha 
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somewhat unusual class of reducible representation of this loop group which, in special 
cases of particular interest to us, can be interpreted as finite temperature representa- 
tions (the precise statement and proof of this is given in Appendix B.3). Technically, we 
account for the distributional nature of the quantum fields by using a regulariza- 
tion which, roughly speaking, is a generalization of the idea to represent distributions 
as limits of smooth functions (e.g. the delta distribution on the circle as limit e i 
to the smooth function ^^(a;) = l/(27r) X^^g^exp {inx — \n\e)). In a similar manner, 
we will construct regularized anyons (j)e{x) which for e > can be multiplied without 
ambiguities and obey Eq. only in the limit e | 0. We perform that latter limit at 
a later point where it can be taken without difficulty.^ For simplicity, we will regard 
all quantum fields only as sesquilinear forms (using results in the literature, e.g. from 
Refs. ||UK| , pL|| , one can prove that many sesquilinear forms which we construct can be 
extended to well-defined operators, but since we actually do not need these results we 
will only mention them in passing). In Section 2.1 representations of the loop group 
of U(l) are defined, and we also collect some important technical results which we will 
use throughout the paper (Lemma |ip. The definition and main properties of these reg- 
ularized anyons, and in particular explicit formulas for all anyon correlation functions, 
are given in Section 2.2 (Proposition 

In Section 3 the second quantization of the eCS model is constructed. We will give 
an explicit formula for Ti and prove that it indeed obeys Eqs. (||) and (p!0[), or rather, 
a generalization of these relation for regularized anyons, i.e., with the parameters e 
inserted. In particular, we will get, instead of the eCS differential operator Hj^ in 
Eq. (^, a regularized operator Hj^ which, roughly speaking, is obtained by replacing 
the singular potential V{r) by a potential V2£(r) where the 1/r^-singularity of the 
Weierstrass p-function is regularized to l/(r + ie)^. We will explicitly give the e- 
corrections to Eq. (^. These results are summarized in Proposition ^. The proof 
is by explicit, lengthy computations which we divide in Lemmas and partly defer to 
Appendix C. We note that it is precisely this e-regularization which determines the 
self-adjoint extension of the eCS differential operator for us (however, this will only 
become important for us in the second paper |[L2||). 



In Section 4 we derive a remarkable identity (Proposition 0) providing the starting 
point for constructing eigenvalues and eigenfunctions of the eCS model. In the conclu- 
sions (Section 5) we only state the theorem underlying this algorithm and outline its 
proof based on Propositon ^ (this algorithm will be elaborated in Ref. ||L2||). 



Identities about (regularized) elliptic functions which we need are collected and 
proven in Appendix A. Appendix B contains a self-contained discussion of the relation 
of our quantum field theory techniques. The proofs of various Lemmas are collected in 
Appendix C. 



'One can interpret 1/e as ultra violet cut-off. 
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Notation: All Hilbert spaces considered are separable, and Hilbert space inner prod- 
ucts (■, •) are linear in the second and anti-linear in the first argument. We denote 
as C, M, Z the complex, real and integer numbers, N are the positive integers, and 
No = N U {0}. We denote as c the complex conjugate of c e C, and |c| = \fch. We 
identify elements in U(l) with phases, i.e., c e C such that |c| = 1. 

2 Finite temperature anyons on the circle 

2.1 Reducible representations of the loop group of U(l) 

In this subsection we set the stage for our construction of anyons. 

We consider the *-algebra with identity 1 generated by elements n integer, 
and R obeying the following relations, 

[p(m),p(n)] = m5„^_„l , \p{n),R\ = 5n,oR (11) 

and 

R* = R-^ , p(n)* = p(-n) (12) 
for all integers m, n. We will also use the notation Q = p(0). Note that Eq. ([Tip implies 

^iaQj^w ^ ^iaQ Va G M, W; G Z (13) 

which will be useful for us later on. 

Remark 2.1 As explained in Appendix B, the algebra defines essentially a central 
extension of the loop group of U(l). 

We now construct a class of representations of using a standard highest weight 
representation of the auxiliary *-algebra A = ® Ao with identity 1 generated by 
elements Ra and PAi^), A = 1,2 and n G Z, defined by the relations 

[pA{m),pB{n)] = mSm-nSAM , [pA{n), Rb] = ^nfi^A^sRA (14) 

and 

R*a = R-a\ PA{nr = PA{-n) (15) 

for all integers m, n and A,B = 1,2. The representation of ^ is on a Hilbert space JF 
with inner product (■, ■) and completely characterized by the following conditions, 

PAin)n = Vn>0,A = l,2, (16) 
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and 

{n, Rr'RT^) = (5^„o<5^,,o Vw;i,2 G Z (17) 

where G is the highest weight vector and * is the Hilbert space adjoint. Indeed, 
it is easy to check that the rules above imply that the elements 

r]= Y] Y[-^T^=^—Ri"^2' m^,„eNo, V VmA,„<oo,w;^GZ (18) 

A=t2 n=l V^A,n!ri--^- ^1 

are orthonormal, and the set V of all finite linear combinations of such elements r] is 
a pre-Hilbert space carrying a ^-representation of the algebra A. The Hilbert space JF 
is defined as the norm completion of T>. 

We now observe that 

TiiR) := Ri 7r(Q) = 7r(/3(0)) := pi(0) 
7r(/5(n)) := c„pi(n) + SnP2{-n) Vn G Z\{0} (19) 

(s„, Cn G C) obviously defines a unitary representation tt of the *-algebra Ao provided 
that 

|c„p-|s„|2 = l (20) 

and 



for all non-zero integers n. As explained in Remark below, it natural to also require 
that 

5^kn|'<oo. (22) 



One choice of particular interest for us is 



1/2 / ^2\n\ xl/2 



Vn G Z\{0} (23) 



with |g| < 1 and real, even though many of our results hold true more generally. 

Remark 2.2 It is interesting to note that the representation vr with s„ and c„ as in Eq. 
(p3|) and g = exp {—[3/2) is the finite temperature representation of the *-algebra 
with temperature 1/(3 and the Hamiltonian 



H=''-Q' + Y.p{-n)p{n) (24) 

n=l 



in the limit a ^ oo. The interested reader can find a precise formulation and proof of 
this statement in Appendix B.3. 
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Since there is no danger of confusion we simplify notation and write i?, Q and p(n) 
short for vr(i?), tt{Q) and TT{p{n)) in the following. 



We now collect some (standard) technical results which we will need. We define 
normal ordering ^ • x as the linear map on the algebra generated by monomials M in 
the pA^n) and -Ri by the following inductive rules, 

xi?5"^ := RI' G Z 

^MxPaH ifn>0 
MpA{n)''^ = ipA{n)Mi:= { | (^x M x pa(0) + pa(0) ^ M x) if n = . (25) 

PAin)iM'^ ifn<0 

Note that these rules and Eqs. ([l^-(p!7D imply that for arbitrary fixed vectors r], r]' G V, 

the expression (^r],xpAi{ni)---pAk{'n'k)i v'^ is non-zero only for a finite number of 

different combinations ni, . . . , G Z\{0} and Ai, . . . , A/^ G {1, 2}. This implies that 
for arbitrary complex numbers v^^'"''^''{ni, . . . ,nf^), the expression 

oo 

V := fol + ^ t;^''-'^'=(ni,...,nfc) ^pAl(^^l)■■■pAfe(nfc)x (26) 

fc=l Ai,...,Afe=l,2 ni,...,nfeeZ\{0} 

is a well-defined sesquilinear form on T>, i.e., (rjjVri') is finite for all 77,77' G P (since it 
is always a finite sum there is never any problem with convergence). Moreover, for all 
w E Z and a G C and V = x V x as above, 

X K'^e^^Y i = ^ e^^K^Y x = e^Q/^R^e^Q/^y (27) 
is a sesquilinear form on V. In particular, these rules imply the following 

Lemma 1 For arbitrary complex an, 

$ :=^/?V-^(^)x with J{a) ■=Y(^np{-n) and w e Z (28) 

is a well-defined sesquilinear form on T> equal to 

00 

n=l 

(29) 

where J"*" (a) and J (a) are the creation-and annihilation parts of J{a), i.e., J {a)VL = 
J~^{a)*Q = 0. Moreover, the forms $ with an such that 

\n\ |q;„P < 00 (30) 

nez 



generate a *-algebra of forms on T>, with 

C^R^e'^^^^ x)* = ^i^-'^e-'-^^^)* ^ , J{ay = ^«z;^/5(-n) (31) 

and the multiplication rule obtained with the Hausdorff formula 

= e^/^e^+s = e^e^e^ if [A,B] = cl, c&C (32) 
and Eqs. ^^-(^, i.e., 

where 

oo 

[J- (a), J+(^)] = (|c„|2a„/?_„ + |s„pa_,/?„) . (34) 

n=l 

Moreover, 

^i?V-^(^)x fi\ = 5^,0. (35) 



Remark 2.3 As discussed in Appendix B, for a„ obeying the conditions in Eq. ( |102| ), 
the forms R^e^'^^^ define unitary operators and provide a unitary representation of the 
loop group of U(l) on JF. Note that the Hausdorff formula imphes 

^ e^^(^) ^ = e-[^"(^)'^^(^)]/2g'-'(^) , (36) 

i.e., the forms $ in this case are proportional to unitary operators. We will not make 
use of these facts in this paper and will regard such $'s only as sesquilinar forms. 
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Remark 2.4 Eq. (Q) explains the condition in Eq. ( p2D above: recalling that |c„ 
1 + |s„p and Cauchy's inequality, we see that this is the natural condition ensuring 
that [J~(a), J~^{P)] is well-defined for all a and /3 obeying the condition in Eq. (pOf). 

Proof of Lemma 

The l.h.s. of Eq. (P^) equals 

gi«oQ/2^t«giaoQ/2giJ+(Q;)giJ-(Q)gi/3oQ/2^«;'gi/3oQ/2giJ+(^)giJ-(^) ^ 
= g-[j-(a),J+(/3)]+i{aou''-/3ou.)/2gi{Qo+/3o)Q/2_^«)+i«'gi(ao+/3o)Q/2 

which obviously is equal to the r.h.s. of Eq. (^). □ 
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2.2 Construction of anyons 

Definition: The anyons associated with a real, non-zero parameter v are, 
with 

K,{x) := y 1 e'""-l"l"p(n) (38) 
in 



where — vr < x < tt is a coordinate on the circle and e > a regularization parameter. 
In particular, we define 

M^) ■■= <Pl{x)- (39) 



The main properties of these anyons are summarized in the following 

Proposition 1 The 0^(x) generate a *-algebra of sesquilinar forms on V and obey 

0^(x)* = 0;^(x) (40) 

and the exchange relations 

<P^{xWj{y) = e''^^^'^'^^-^^^''^^~y^rj{ymx) (41) 

where 

sgn,(x) ■= - lx+ > ^ le--l"l^ I (42) 



injx) := - i X + —i 

\ n£Z\{0} 



a regularized sign function on the circle, i.e., it is C°° and converges to sgn(a;) in the 
limit e I 0. Moreover, 

(n, ■ ■ ■ €1{xm)^) = 5,.+...+,.,o n ^^.+^^(^^- - ^^^'''''^^ (43) 

^<j<k<M 

with 

oo ^ 

b^{r) := e-i'-Z^-^-W, C,(r) := ^ - (|c„| V"" + V^"") . (44) 

n=l ^ 

In particular, for Cn and s„ as in Eq. ^^), 

oo 

be{x) := 2e3-V2-e/2 1 ^ -^^ ~ 2g2"e-^ cos(x) + g^^e'^^) . (45) 



n=l 
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Remark 2.5 The relations in Eq. (^) show that the ^^(x) are regularized anyons with 
statistics parameter 

A = (46) 

as described in the Introduction. 



Remark 2. 6 We stress that we introduce the parameter e > as a convenient technical 
tool: the (p'^ix) are regularized quantum fields, i.e., in the limit e I they become 
operator valued distributions whereas for e > they are well-defined operators and, 



in particular, can be multiplied with each other. Indeed, it follows from Remark 
above that 0^(x) is proportional to the unitary operator 

with the proportionality constant ft^^^'^'' ^'^ which diverges in the limit e | 0. Eventually 
we are interested in this singular limit £ j 0, but we will be able to take this limit at a 
later point without difficulty. 



Proof: The proof is by straightforward computations using the Lemma |1| above. In 
particular, Eq. (pO]) is trivial consequences of Eq. (|31|), and to prove Eq. (^) it is 
sufficient to note the following identity, 

^ — ^ n 

nez\{o} 

Eq. (0) and the Hausdorff formula Eq. (^). To see that sgn^i^x) is a regularized sign 
function one only needs to check that it is an odd function in x, and its x-derivative 
divided by 2 equals 

5,{x) := ^^e''^^-!'^!" (47) 

which obviously is a regularized delta function. 

To compute the normal ordering of products of anyons we determine the creation- 
and annihilation parts K^[x) of the form K^{x), 

oo ^ 

KH^) = T V - (c±.e^'"-— pi(Tn) - s^^e^'"'p2{Tn)) (48) 

n=l 

and compute 

[K;{x),KXy)]=Ce+e'{x-y)l (49) 



11 



with Ce(r) given in Eq. (0). The normal ordering of an arbitrary product of anyons 
is defined as follows, 

and by repeated application of Eq. (|33|) we obtain 



■l{x,) ■ ■■<PZ{xm) = n - ^^)'^"^'' ^C(^i) ■ ■ X (50) 

l<j<k<M 



with 6e(r) in Eq. (|4^). This and Eq. (^) prove Eq. (^31) . Eq. (^SQ is proven in 
Appendix A. 

□ 

Remark 2. 7 In computations it is sometimes convenient to write 

0^(x) =xe-'"^'^^(")x (51) 

with 

X,{x) = q + px+ J2 - e'"""'"''p(^) (52) 

neZ\{0} 

with q = uQ and p = "(i/z^) log(-R)" formally obeying 

[q, p] = il, [p, pin)] = [q, p{n)] = \/n ^ , (53) 

and therefore [Xi;{x), X^'ly)] = — i7rsgng_,_g(x — y). This makes many computations 
simpler, but it is important to remember that p itself is not well-defined but only its 
exponentials e"'^*^^ = i?'^ and only for integers /i. This makes clear that our anyons 
are essentially vertex operators used, e.g., in string theory (see e.g. 0). 

Proposition |l| above summarizes the main properties of anyons. In particular, it 
gives explicit formulas for all so-called anyon correlation functions which are defined 
by the l.h.s. of Eq. (^) and which, according to physics folklore, capture the physical 
properties of the anyon system. For the eCS model the following anyon correlation 
function will play a central role, 

F^'^(x;y) := (fi, 0,(x;v)* ■ ■ ■ 0.(xi)*0.'(yi) ■ ■ ■ 0e'(l/iv)f^) , (54) 
and with Proposition [l| we obtain the following explicit formula, 

ni<j<fc<JV ^-iei Xk - Xj)^ ni<j<fc<iV ^-ie'iyj - yk) 
I 

which will be important for us later on. 
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3 Second quantization of the eCS model 



In this Section we construct the second quantization of the eCS model, i.e., find a 
self-adjoint form 7i on JF such that the commutator of 7i with a product of anyons, 

$f(x) := 0.(xi)---0,(a;^), (56) 

defined in Eqs. (|3^)-(|39|), is essentially equal to the eCS Hamiltonian applied to 
this product. To be precise 

Proposition 2 Let p{n) be as in Eqs. (j7^-([^^ and 

n ■= uW^ + (1 - z/2)C + 2u{u - 1)W^Q + -u{u - 1)2(2 + u)Q^ - u^CeQ (57) 

3 

with 

W := ^$^^/3(-n)p(n)^ 

:= - X p{—m) p(—n) p{m + n) X 

oo 

C := ^n[pi(-n)pi(n) +p2(-^^)p2(^^)] (58) 

71=1 

and the constant 

oo oo 

c, = --2^n|s„|V2H-- 2|s™ns„|V(™+")^(e-l"^-"l^-e-l"^+"l^) . (59) 

n=l m,n=l 

ThcTi 

[n, $f (x)] n = i?If<f f (x)(] + ez/vl/f (x)n (60) 

where 




with 

oo 

Ve{r) := -J2n{\cn\'e'" + \sn\'e-'") (62) 

n=l 

is a regularized many particle Hamiltonian, and 

N 

*f(x) := Y(l)e{Xi) . . .(peiXj^i) x(j)e{Xj)ne{Xj)x (f)e{Xj+i) ■ ■ ■ (j)e{xN) (63) 
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with 



m,n=l 

1 

e 

In particular, if Cn and s„ are as in Eq. (W^ then 



X ± (e-l'"-"!" - e-l™+"l") e-l'"!" . (64) 



V,{r) = --^ log I sin i(r + is) H [l - 2q^^e-' cos(r) + g^^e'^^] ) , (65) 



m=l 



i.e., is a regularized version of the eCS differential operator in Eq. with \ = . 
Moreover, if Cn and s„ are as in Eq. then also the following identity holds true, 

<fi,[7^,<|.f(x)*$,^(y)]fi>=0. (66) 



Remark 3.1 Note that the sesquihnear form TZsix) in Eq. ( |64|) is non-singular in the 
limit £ i 0, hence the second term on the r.h.s. of Eq. (|60D vanishes in this limit. It is 
therefore natural to write Eq. (|60D in the following suggestive form 



[n,^^{^)]n^H'^^^^{^)n (67) 

where the symbol '~' means 'equal in the limit e I 0\ 

Remark 3.2 As we will see, this proposition implies a remarkable identity (Proposi- 
tion ^ in the next section) which is the starting point of our solution algorithm for the 
eCS mo del. We note that Eq. (H) comes for free in the Sutherland case g = where 
TiVt = 0, but this is no longer holds true in general. It is also interesting to note that 
a form 7i obeying the relations in Eq. (^) exists for a much larger class of models: 
in the first part of this proposition we do not need to assume Eq. (PBj). However, to 
prove Eq. ( |66D we need Eq. (|23|) : it is this relation which restricts this proposition to 
interaction potentials which are equal to Weierstrass' p-function. 



Remark 3.3 We note that only the first two terms on the r.h.s. of Eq. (^) are really 
important, and dropping the other terms can be compensated by adding trivial terms 
to the eCS differential operator: simpler variants of our proof of Lemma ^ yield 

[g,^'f(x)] 

[^^^ + l(z.-l)(z.-3)g^$f(x)] 
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This shows that we have a relation 



[uW'' + (1 - z/2)C, $f (x)] Q ^ Hjf^^{^)n (69) 

where Hj^ equals Hff up to a constant and a multiple of the total momentum operator 
Pjy := —J2f=i^^/^^j- Note also that the change H vW^ + (1 ~ ^^)^^ does not 
affect the identity in Eq. (|66|) since = W^Vt = 0. 



Proof of Proposition [|; We prove this proposition in several steps. We start by stating 
two Lemmas which provide the essential properties of the building blocks of Ti. The 
proofs of these Lemmas are by straightforward but tedious computations which we 
defer to Appendix C. 



Lemma 2 The sesquilinear form 



:= lim— / dx xpJxY". -y'ceQ 



with 



pe{x) = vQ+ ^ p{n)e 

neZ\{0} 



inx—\n\£ 



(70) 
(71) 



and Ce defined in Eq. (p^j, obeys the following relations 

1 92 



W\(t>,{x) 



V dx^ 



<^,{x) + \{v' - 1) l(^^{x)<^,{x) I +£ ^7^,(x)0,(a;) I (72) 



with 7le{x) defined in Eq. ^6^ ) and p'e{x) = dps{x)/dx 



( Proof in Appendix C.l) 

Remark 3.4 It is useful to note that accounts for all but one term of 7i: the forms 
(s = 2, 3) defined in Eq. ( |55D can also be computed as follows, = lim^io Jl^, dx i 
Pe{xy X /(27rs), with p£(x) = ^„gz p(?T-)e"^^~'"'^. Since ps{x) = Ps{x) + (z/ — 1)Q, this 
implies 

= w^ + 2{u-l)W^Q + \{u-lf{u + 2)Q''-u\,Q, (73) 

which shows that Ti in Eq. ( p7D is identical with 

H = uW^ + (1 - z/2)C . (74) 
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Lemma 3 For all sesquilinear forms $ as in Eq. (p^, the sesquilinear form C defined 
in Eq. ^5^ ) obeys 



C$ + <I>C = 2 X $C X -i X J(a")$ X , with J{a^') := - J] n^anp{-n) . (75) 



( Proof in Appendix C.2) 

In particular, this Lemma implies 



N 



C I $f (x) I + I $f (x) IC=21 $f (x)C l+Y^ivl p;(x,)$f (x) ^ . (76) 

i=i 

To see that, recall that I $f (x) x = iR^e'^^^^ I with 

J(a) = -z^ ^ ( vXjQ + ^ lp(n)e'""^-l"l" 
i=i \ n.ez\{o} f 

and therefore in this case 

N N 

J{d') = -^Y. E mp(n)e'"^^-H^ = -z.5^p^ 
i=i nez\{o} j=i 



We now show how Lemmas ^ and Eq. ( [76| ) imply Eq. (|60D. From the definition in 
Eqs. (|56|) we get by a simple computation, using repeatedly Eq. (|72D, 

W\ $f (x)] = 5^ 0,(xi) ■ ■ ■ 0,(0;,)] ■ ■ ■ Uxm) = -- E ^"^^ W 

N 

+ i(z/2 -1)5^ 0e(a;i) ■ • ■ i ~p',{Xj)(l)e{Xj) ^ ■ ■ 0,(x^) + (x) 

with \E'^ (x) given in Eq. (|55D. Moreover, Eq. ( |75D together with 

$,(x) = A^^(x)^<|.,(x)^, A^^(x) := W b,,{x,-Xkf (77) 

(which is a special case of Eq. (|50|)) and the definition of normal ordering imply 

/ AT 

[C,$,(x)] = -2$f (x)C + A^^(x) 2 ^<|.f (x)C^ +5^iz. x p;(a:,)$f (x) 



-2$f (x)C + 2A^^(x) ^ $f (x)C^ +5^iz. [(pl)-(x,)<|.f (x) + $f (x)(p;)- 
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with {p')f{y) = dpf{y)/dy = d"^ Kf {y) j dy"^ the creation- and annihilation parts of 
p'^{y)- We thus get 



x.)\n = u\ w\ $f (x) + (1 - u') [c, $,(x)] n 

N 



j=l j 



n 



in 



with 



AT 

(■) := E 



.M-(pl)-(^.)*f(x)-$f(x)(pl) 



where we used Cil = x $g (x)C ^ = 0. We now recall Eq. ( ^91) which imphes 



X 



■C,^,,{T{x-y))\ 



Qy2 L e v^y. e'V n Qy2 

and with Eqs. (gD and (|6|), 

[{p')^{y\K^{x)\=±V,,{T{x-y))l. 

With that we obtain 

[(p')?(y),0.(x)] = -iz/ [(p')?(y),^f (^)] = TiyV2e{T{x - y))U^) , 

and with p'^{xj) = {p')f{xj) + (p')~(xj) and repeated application of these latter iden- 
tities we get 

(peiXi) ■ ■ ■ xp^{Xj)(f),{Xj) X ■ ■■M^n) = ip)tiXj)<l>^ (x) + $f {x){p);{Xj) 



j-l N 

V2e{Xk - Xj) + E V2e{Xj - Xk) 
k=j+l 



.k=l 



$f(x) 



and thus 



TV 



$f(x) 



i-1 

V'2e(Xfc - Xj) + E V2e(Xj - Xk) 
k=j+l 

= -2iu J2 V2e{Xj-Xk)<^^{^ 
l<j<k<N 



,k=l 



If we insert this in Eq. (^) we obtain Eqs. (|6QD-(|61]). 

Finally, we note that validity of Eq. ( |OUD under the condition Eq. is obviously 
a special case of the following more general result: 



17 



Lemma 4 For all sesquilinear forms $ as in Eq. and for the form Ti defined in 

(fi, [n, $] fi) = 



Eqs. (p?|j-(|5qj, the relation 
holds true provided that 



Vm, n eN 



(79) 



^0) 



(Proof in Appendix C.3) 

Remark 3.5 Eq. (79) is non-trivial only for w = 0. 



This completes the proof of Proposition H. 



□ 



Remark 3.6 It is obvious that Cn and s„ as in Eq. ( p3D fulfill the condition in Eq. (pO|). 
It is interesting to note that Eq. ( p3D actually accounts for all possibilities: simple 
computations shows that the conditions in Eqs. ( PP] ) and ( ppj ) are equivalent to: 



Qn 



1 - 



obey Qm+n = QmQn Vm, n e N 



and all solutions of the latter are of the form Q„ = g^" for some complex q. If we also 
require Eq. (^TD then must be real, and Eq. (^) further restricts to |g^| < 1. 



4 A remarkable identity 

From the results in the previous Section we now obtain the following 

Proposition 3 The anyon correlation function in Eq. (55) obeys the following identity, 

'Hfi^)-H'/{y)]Ff{^-,y) = R^'^'{^-,y) (81) 



where the regularized eCS differential operators are defined in Eqs. (pl\)-(p^) and act 
on different arguments as indicated, and 



i?^'^'(x; y) = -e' (fi, $f (x)*vl/^ (y)n) + e (fi, ^U^Y^e' (y)^> 



^2) 



\E'^ (x) defined in Eqs. ^BB^)-^^), are correction terms vanishing pointwise in the limit 
e.e' 1 0. 
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Remark 4-i Note that the complex conjugation in Eq. ( pT] ) is important as it affects the 
regularization: since K(r) = Vs{—r) it amounts to replacing the regularized singularity 
~ l/(r + ief by ~ l/(r - ief. 



Remark 4-2 One can express this result as follows, 

Hfi^)Ffi^; y) ^ H'/{y)Ffi^; y) . (83) 

Remark 4-3 In the limits e,e' | the function F^'"^ (x; y) becomes equal, up to a 
constant, to the function 

F7v(x;y) = — — = — — = (84) 

with 6{r) in Eq. (|^), and we obtain the following identity, 
E(^-5^)^^(^'y) = 2^(^-1) E {vixk-x,)-Viy,-yk))F^{^;y) (85) 

j=l i l<j<k<N 

with V^(r) in Eq. (^). Recalling that 9{r) = const. ■di{r/2) and V{r) = p{r) + const. 
we see that this is a remarkable identity for elliptic functions. 

Proof of Proposition We start with the following (trivial) identity 

[n,^^{^r^^,{y)] = <|.f (x)*[7^,<|.^(y)] - [7^,<|.f (x)]*$^(y) 
(where we used H = H*) and compute its vacuum expectation value using Eq. (|5B[), 

{n, $f (x)*[7^, iy)]n) - {n, [n, $ f (x)]*$,^ (y)^]> = o . 

Inserting now Eqs. (|66D and recalling Eqs. (p3)-(p5|) we obtain the result. □ 



5 Conclusion 

As stated in the beginning of Section 1, the results of this paper provide the starting 
point for an algorithm to construct eigenfunctions and eigenvalues of the eCS model, 
and this algorithm will be elaborated in [|L2|| . It is interesting to note that in the 



limiting case g = this algorithm is different from the one of Sutherland, even though 
it is equivalent to it in the sense that it yields the same solutions and is equally simple 



(a detailed comparison of these algorithms is given in [p3| ). 
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For the convenience of the reader we outhne here how Proposition |^ is used to 
obtain this algorithm. The idea is to take the Fourier transform of the identity in Eq. 
(|8T|) with respect to the variables y, and then take the limits e, e' \ 0. One thus obtains 
the following 



Theorem [ p^ : Let 

with 



F(x;n) = P(n;x)A(x) , nGZ 



N 



A(x)= J] 9{xk-x,] 

^<j<k<N 



and 



where 



V(n; x) = lim [ ^e'^^i'i 



" dyN 
27r 



k{r) = (1 - e^^-^) H [{1 - q'^e'^-') (l - g^^e"'^"^)] 



m=l 



Then the eCS differential operator defined in Eqs. (0j and ^ obeys 

ff^F(x; n) = ^o(n)F(x; n) - 7 ^ ^,(^___F(x; n + nE.fc) + 



^<j<k<N n=l 



2n 



l-q 



2n 



F(x; n — nEj 



ik, 



where 



£o(n) = yn^ + \\{N -l-2j) 
and {Ejk)i = Sje - 5m for j,k,£ = 1, . . . ,N. 

Outline of Proof : We use Eq. (^) and insert &e(r) = e~^^^'^be{r) which yields 
F°'"(x;y) = const. e'^^Sf=i(^^-?'^)/2g-iAEi<,<,<ivfe-i/fe)/2p£(x; y)A(x) 

where 

^e. X Ul<j<k<N'^2e{yj-yky 

P (x;y) = - ^ 

Uj,k=ibeixj - yk)^ 

is periodic in the yj. It is not difficult to show that Eq. (|^) implies 



^6) 
^7) 



^9) 



(90) 
(91) 



(92) 



(93) 



where we dropped the phase factor describing a center-of-mass motion which is the same 
in X and y and thus does not contributej^ and we used J2j<kiyj~yk) = X]j(^+l~2j)?/j. 
^See Ref. O for the (trivial) details. 
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We now can take the Fourier transform of Eq. (p3|), i.e., apply to it (27r) ^ J c/^y e'^'^ 
where the Fourier variables need to be chosen as 

Pj = rij + ^X{N + 1 - 2j) , njeZ (94) 

so as to compensate the non-periodicity in the yj. With that we obtain Eq. (pOl): the 
term on the l.h.s. is obvious, the first term on the r.h.s. comes from the derivative 
terms in H'^{y) and partial integration (note that £q = 'Yl, - Pf)-, ^-^id the other terms 
come from the potentials V2e{yj — yt) where we used Eq. 



Remark 5. 1 To complete this proof one needs to show that the correction term R^'^' (x; y ) 
in Eq. ( |8TD does not contribute, i.e., that for this term the limits e,^' | commute 
with Fourier transformation. This is plausible, and from our explicit formulas one can 
prove this by straightforward computations which, however, is somewhat tedious. In 
Ref. |[L2|| we will give an alternative proof avoiding this technicality. 



This Theorem yields a recursive procedure to construct eigenf unctions as linear 
combinations of the functions -F(x; n) 



Remark 5.2 The functions -F(x; n) in Ref. |L1] differ from the ones here by the phase 
factor exp(iA^A Xj/2) describing a center-of-mass motion. It is easy to see that this 
(trivial) change accounts for the different formulas for £o{iy) (the formula given here 
agrees with the eigenvalues of the Sutherland model given in Ref. [Bui). 



Acknowledgements: I thank Alan Carey and Alexios Polychronakos for their interest 
and helpful discussions. This work was supported by the Swedish Natural Science 
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Appendix A: Regularized elliptic functions 



In this Appendix we derive various identities related to the functions defined in Eqs. 
and (p3|), i.e.. 



t-i- 

n=l ^ 



^2n 



CAr) = y -[ e—^' + e— ) (95) 



and &e(r) = e '^^^ C'e(^). In particular we prove Eq. ( ^5] ) and derive three different 
representations for the function 

— log6.(r) = - 



K(r) = ~—\ogh,{r) = ^C,{r) (96) 
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which also prove that it is a regularization of the interaction potential defined in Eq. 
(H); ^o(^) = V{r). We also make precise the relation of V{r) to Weierstrass' p function. 



From the formulas given above we get immediately our first representation, 

1 



VJr) 



n=l 



n 



1-g 



2n 



1-q 



2n 



(97) 



By expanding 1/(1 — g^") in geometric series we obtain 



OO 

E- 

^ n 



n=l 



m=l 

and interchanging the summation we can do the n-sum and obtain 

OO 

C,{r) = - log (1 - e'"-") - [log (1 - g'"e'''-") + log (l - g^^g----)] 



m=l 



I.e., 



with 



C,(r) = -log (e''^/\(r)) 



b,{r) = e-'^'/2 (1 - e'^-") JJ [(l - g^-g---) (i _ g2mg-ir-e)] 



(9^ 



m=l 



identical with 6e(r) in Eq. (|45|). This also yields our second representation Eq. 
which proves that Vo(r) is identical with V{r) defined in Eq. (|^). 

Inserting q = exp {—[3/2) we can also write 

OO OO 

C,{r) = - J] log (1 - gi(-+i/3-+i-)) _ log (1 _ g-i{r-i/3m-i.)^ ^ 

m=0 m=l 

and using 

^ log (1 - e±i('-±i^-±i^)) = — log (sin i(r ± i/5m ± le)) 



Q^2 



1 



4 sin l{r ± ijSm ± ie) 



we obtain 



V.(r) = £ 



m=0 



4 sin Trfr + i/5m + ie) -^4 sin Trfr — i/3m — ie 



(99) 



22 



From this representation it is obvious that the function V{z) = Vo{z), z E C, is 
doubly periodic with periods 27i and i/5, it has a single pole of order 2 in each period- 
parallelogram, V{z) — z~'^ is analytic in some neighborhood of 2; = and equal to 
1/12 - Em=i(l/2) sinh-2(/3m/2) in z = 0. These facts imply (see e.g. ||EMOT|| , Sect. 
13.12) 

m=l ^ ^' ' 



Appendix B: On the loop group of U(l) 

In this Appendix we clarify the relation of our construction of the quantum field theory 
model of anyons and the representation theory of loop groups. We also explain and 
prove the physical interpretation of the representations which we are using. 



B.l Loop group of U(l) 

Let Q =Map(S'^,U(l)) be the set of all C^/^ functions U(l), i.e., it contains all 

functions of the form e^-^ with 

/(x) = wx + ^a^e''^^ (101) 

neZ 

— 7r<x<7r,wan integer called winding number, and complex such that 

00 

a„ = a_„ , r;,|a„|^ < 00 . (102) 

n=l 

This set has an obvious group structure, i.e., the product is by point- wise multiplication 
and the inverse by point- wise complex conjugation. The group Q has an interesting 
central extension Q := U(l) xQ = {(c, e^'^)|c G U(l),e'-'^ e Q} with the group structure 
given by (c, e'-^)""*^ := (c, e~'-^) and 

(c,e'^)(c',e^^') := (cc'e-^^(^'^')/^ e^(^+^')) , (103) 

where 

S if, f) ■= - w'ao - i (104) 

is a 2-cocycle of the group Q, i.e., it obeys relations such that Eq. (|103|) indeed defines 
a group structure on Q. Note that the conditions in Eq. ( |102| ) and Cauchy's inequality 
ensure that S{f, /') is always well-defined. 
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B.2 Representations of the loop group of U(l) 

Given a representation of the algebra defined in Eqs. (|Tl|) and Eq. ([12D , one has, 
at least formally, also a unitary representation of the group Q. This can be seen as 
follows: Defining 

r(e^O := e^"oQ/2^«;giaoQ/2giJ(a) ^^q^^ 

with 

J(a) := ^ a„p(-n) , (106) 

nGZ\{0} 

a simple computation using the Hausdorff formula Eq. (|3^) together with 

[J(a), J{a')] = nQ:_„Q:^l 

neZ 

(which follows from Eq. ([TTl)) and Eq. ([l3|) yields 

r(e^^)r(ei^') = e-^(^'/')/2r(e'(^+^')) . (107) 

Moreover, it is easy to see that r(e'-^)* = r(e~''^). Thus (c, e^-^) — > cr(e'-^) is a unitary 
representation of Q. 



B.3 Zero- and finite temperature representations 

The standard representation ttq of the algebra is on a Hilbert space jFg and com- 
pletely characterized by the following conditions, 

Po{n)no = Vn > , {Qo, i?o ^o) = (5^,0 Vw G Z (108) 

where we write po{n) = 7ro(p(n)) and similarly for R and Q, and Qq G JFq is the highest 
weight state. These conditions imply that the states 



CO 



Vw(iri) = Y\ , " R^n, mneNo,Ymn<oo,weZ (109) 

provide a complete orthonormal basis in JFq, and it is easy to check that these states 
all are eigenstates of the Hamiltonian 



Ho = ^Ql + J2Poi-n)po{n) (110) 

n=l 
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with corresponding eigenvalues 

oo 

Swim) = + m„n ■ (111) 

n=l 

This also shows that Hq defines a self-adjoint operator. Moreover, for a > the 
Hamiltonian Hq is non-negative and Qq is the ground-state, i.e., the unique eigenstate 
of Hq with minimum eigenvalue. The representation ttq is therefore interpreted as 
zero temperature representation, and for elements A in < ^ >oo := (^0,^0^0) is 
interpreted as the ground state expectation value of A {Aq = 7ro(v4)). More generally, 
the finite temperature expectation value is defined as 

<A>p:= ^ Tr^.,(e-^^Mo) , Z := Tr^„(e-^^«) (112) 

with a normalization constant Z called partition function and Ttjt^ the Hilbert space 
trace in JFq. The parameter /5 > is interpreted as the inverse temperature. 

The representation discussed in the main text are on the Hilbert space = JFq (g) JFq 
with r2 = ^0 ® 1^0 and 

Pi{n) = po{n) 1 , p2{n) = 1 po{n) (113) 

and similarly for Ri^2- We now can formulate the precise meaning of the statement in 
Remark 12. 21 in the main text: 



Proposition 4 Let Aq be the dense set in Aq containing all finite linear combinations 
of elements 

00 

A = i?"Q" JJ p(-n)'^"p(n)^" (114) 

n=l 

where u E Z and v,kn,in G No and such that + ^n) < 00. For the rep- 

resentation 71 defined in Eqs. ( [7^ and ( ^5^ and for all A G A!q, the following holds 



true 

{VL,-n{A)VL)^ =<A>p (115) 

if q = exp {—(3/2) and a ^00. 



Proof: It is obviously enough to prove Eq. (|115|) for all A in Eq. (|114|) . We do this by 
explicit computations. We first compute 

00 

Tr^„(e"^^Mo) = Y, E (^-M, e-^^°Aor/.(m)> 
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CO oo / I / ^ I Tn I 

waTj mi,m2,.--=0 7i=l 



^-^ m„! 



loeZ n=l m„=0 

and with 

m\ ^-^ dx'^ dx^ 1 — X (1— a;)^+^ 

m=0 m=0 ^ ^ 

for a; = e~^'", we get 

oo _ 

In particular, 



(I — Q-l3n)k„+l 
weZ n=l ^ ' 



2 = ^e-*"V.n^_^ (116) 

u;eZ n=l ^ ' 

and 

< A >«= 5.0^^^^^ ^^T^TT'^fc ^ TT^- (117) 

We now compute the l.h.s. of Eq. ( |IT5| ) using Eqs. (|19D and ([T|)-(|l^, 



n=l 

oo 

x(c„pi(n) + s„p2(-n))^"l]\ = 5„,o5^,,o JJ ^k^./M^^n^'^knl , 

-I 

n=l 

and with Eq. (|3|), 

oo / 1 \ 

n=l ^ ^ / 

This obviously coincides with Eq. (|117|) for q = exp {—[3/2) and a ^ oo. □ 

Remark 5. 3 From a physics point of view, the more natural Hamiltonian for the anyon 
system would be Hq as in Eq. (|110| ) with a = 1/2 (and not a — * oo). It is therefore 
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interesting to note that the finite temperature state for this Hamiltonian and arbitrary 
a > is 

which is easily proven by generahzing our argument above. It is also easy to compute 
the anyon correlation functions with that state. However, we find that this state is 
useful for the eCS system only if we choose a — > 00. 



Appendix C: Proofs 
C.l Proof of Lemma |2] 

We will prove this Lemma by direct computation. For that we will need several iden- 
tities which we derive first. We will need 

[g,0e(x)] =0.(X) (120) 

which follows trivially from the relations in Eq. (|TT|) and the definition of (peix) = (f)l{x) 
in Eqs. (|38D-(p7D. It is useful to write Pe(x) = uQ + pf{x) + pj{x) with the creation- 
and annihilation parts 

00 

pf{x) := J2 {cine^'^'p.iTn) + e±"^p2(Tn)) . (121) 

n=l 

We note that pf{x) = dK^{x)/dx, and it follows therefore from Eq. (^) that 

— (peix) = -i X [l^^Q + ypt{x) + Z/p7(x)] 0e(x) I = -lU x Peix)(f)eix) x (122) 

which implies 

-^(peix) = -^^Q^ xpe(x)0e(x) i = -lU x p^(x)(/)e(x) x -u"^ I p e{xf (j) e{x) x . (123) 

Moreover, a simple computation using Eqs. (pS]), ([T^); ( POQ and (^) yields 



[p^(l/),,,ir±(x)] = X]i [(1 + |s„ne^'— - |s„|V'"^] = 2niSfir)±j, 



n=l 

where 



oo 

stir) ■■= ^Y.^^" (124) 



27r 

n=l 
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and 



Je{r) 



n=l 



s„\'^ sm(nr)e 



(125) 



Using that we compute (t G C) 



"^Q-tp^'iy)'^ 0e(x) = e*'"^e*^?^^^e*^'='^^^e"''^^'^'^/^i?e~'''^'^^/^e~'''^=^^'^^e~''''^'= 

gti//2g-iti/[p-fe),i^+(x)]g(-ii.2x+i.t)Q/2_^g(-ii/2x+i.t)Q/2gtp+Xy)g-i^^^ 



tuA , J/) X to 

where A^(r) = 1/2 + 27r(5^(r) — ij£(r). Similarly, 
where A+(r) = 1/2 + 27r(5+(r) + ij£(r). Thus 



X) 



with e = e + e',r = x — y, and 



A,±(r) = - + 27r5f(r)±ij,(r). 
We will also need the following three identities, 

A;(r) + A+(r) = 27r4(r) 
A;(r)2- A+(r)2 = 2m6',{r) - AmUr)6,{r) 



(126) 



(127) 



(128) 



where 5e(r) is the regularized 5-function defined in Eq. (|47|) and the prime indicates 
differentiation with respect to the argument r. The first of these identities is obvious, 
and the second and third identities can be proven by straightforward computations 
using 

- + 27i5^(r) = \. r = ±- cot i(r ± ie) 

2 " ^ ^ 2(1 -e^'^--^) 2 2V J 

and 



cot^dz) = -2— cot(i2) - 1 , cot^(iz) = 2— cot(iz) - cot^^) . 
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For the convenience of the reader we give some details of these computations, 



-cot|(r ±ie) + je{r) 



cot^ |(r ± ie) - je{r) cot |(r ± ie) - js{r f = 
= - je{r)^ cot i(r ± ie) + ^ - j^{rf 



which together with 



cot ^(r — ie) — cot \ (r + ie) = 47ri5e(r) 



proves the second identity in 



and similarly 



±iAf fr 



(±i) 



1 3 



cot |(r ± ie) + js{r) 



13 3 

- cot^ i(r ± ie) + -Jeir) cot^ |(r ± ie) + -Jeir)^ cot |(r ± ie) + j,(r)^ 
/I 92 1 3 . , , 9 3 



dr 



+ ^3e{r)^^ cot i(r ± ie) - ^je(r) - j,{r) 



\Adr^ 8 2^ 
implies the third identity. 

Differentiating Eq. (|126|) three times with respect to t and setting t = yields 



'''■Pe'{y)^'^,Mx) 



[Ar(r)3 + At(r 



+ r^^3 



X 



+ [A, 



At(r)^] 



X ^p,,(y)0,(a;)^ +3z/ [Ar(r) + At (r)] ^ p,,(y)20,(a;) 
and by inserting the identities in Eq. ( |128D we obtain 



— ipe'{y)^i,(f)e{x) 



V 



b",[T) + -4-(r) ^3e{r)m-3e{rfh{T) 



6 



X + 



+1/ [i5^-(r) - 2ije-(r)5^-(r)] xp£.(?/)0e(x) x +z/5£(r) xp£.(?/) ^^(x) ^ . 
With that we compute 



W\<\>,{x) 



lim 

e'iO 



ovr 



ly a^(j)^{x) + iu xp^(x)0e(x)x +z/ xpe{x) 0e(x) X + x rest£(x)0e(x) 



with 



12 



e'iO 
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iL(0) - / dy 6e{r)jeir)^ - Q 



where we used Eq. ( [I20| ) and the following relations, 

/TT 
-n 

dy5e{x -y) = 1 
dyje{x - y%[x -y) = -jL+2e'(0) 

dyb'-Xx - y)~pe'{y) = P'e+2e'{x) 



(note the sign in the last relation!) which all are simple consequences of the definitions, 
and a rest term 



rests{x) := lim / dy6s{x - y)[-2w je{x - y)pe'{y) + J^peiv) ] - J^Pe{x) (129) 

= J-n 

which we expect to vanish in the limit e I (recall that je(0) = 0). For the following 
computations we find it convenient to write (cf. Eq. ( p.25|) ) 



Je[r) = > l[n] e 



inx— |?i|e 



, j(l'^l) = -iknl = -J(-I^I) • 



(130) 



With that, 

/•TT 1 PTT 

lim / dy5eir)jeirf = lim ^ — / c/r e''^^""!"! 



'"j(n2)e'"2"-l'^2l"j(n3)e''^«'^-l"3l"' 



^ j(m)j(n)e" 



(\m\ + \n\ + \m-\-n\)e 



m,n=l 



2U |2g-(m+n)e f'o-|m-n|e 



■|m+n|£ 



) 



and with j^^(O) = 2 njs^pe-^l"!^ (cf. O) and Eq. (||) we get = 0. Using 
then Eq. (|1 23| ) to eliminate the term with p^ix)^ we obtain 



W\<\>,{x) 



1 ^2 



:0e(x) + \{v^ - 1) xp^(x)0e(x) ^ + xreste0e(x) 



which coincides with Eq. (|72|) provided that 



rests{x) = eTZi.{x) 



(131) 



with TZeix) defined in Eq. (|64D. We thus are left to prove Eq. ( |131|) . For that we 
compute the rest term explicitly. Firstly, recalling Eqs. (|130D and (^) and writing 
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p(0) = uQ and p{n) = pin) for n 7^ 0, 

/TT 
dy5e{x - y)je{x - y)pe'{y) 
■TT 

= lim ^ j rfye'"^(^-^)-l"^l("+"')jX«2)e^"^^^"^)"l"^l^"+"')p(n3)e^"^^-l"3l"' 

= ^ j(m)p(n)e'"^e-(l™l+l"+"l)" 

00 

= ^ (p(n)e^"^ - p(-n)e-'"^) (e"!'"""!^ - 6-1"^+"!^) e"!'"!" . 

m,n=l 

Secondly, 

/TT 
rf?/4+e'(a;-l/)Pe'(l/)^ 



lim ^ ^ j rfi/e''^^(^-^)-l"il("+"')p(n2)e"^^""'l"^lp(n3)e''^3^-"' 



"1,12, "36 



(m+n)x— £|m+n 



and recalling Pe(x)^ = ^^^^ p(m)p(n)e'*^™+"^^~'^'^l™'l+l"'l) we obtain 

X [(*)2 - Pe{xf] x= ^p(^)pW ' e'^"''"^" (e-"(l'"+"l) - e-(l™l+l"l)^) 

00 

= 2 X ^ p(-m)p(n) X e-^('"-'^)^ (g-l^+^l^ _ e-l'"-"!^) . 

m,n=l 

We therefore obtain (cf. Eq. (|64D) 

reste{x) = -2iz/^(*)i + z/ x [(*)2 - Peixf] X = eTle{r) 
which completes the proof of Lemma |^. □ 



C.2 Proof of Lemma |3| 

We write J{a) = oqQ + + where = J'^la) and recall from the definition of 
normal ordering that 
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and 

oo 

x$Cx= [pi(-n)$pi(n) +p2(-^)$P2H] • 



n=l 



To compute the l.h.s. of Eq. (|7S|) we use 



i=0 



following from Eqs. ([T9|) and (|14D. Moreover, we get for n > 0, 

_^git[pi(n),A+]^gipi(n) 

= $pi(r2) + i [pi{n), A+] = <^pi{n) + mc.^an'V , (132) 

and similarly, 

<l>pi(-n) = pi(-n)<l> - i [pi(-n),v4~] = pi(-n)<l> + irac„a_„l 

P2{n)^ = $p2(n)i + i [p2{n), A+] = $p2(n) + ins„a_„l 
<l>P2(-n) = p2(-n)<l> -i [p2(-n),A'] = p2(-^)$ + ms_„a„l . (133) 

With that we obtain 

oo 

C$ + $C — 2 x$Cx = X [inc_„Q;„pi(— n) + inc„a_„pi(n) 

n=l 

+ins„a_„P2(-n) + ins_„a„p2(n)] $ x = x ^ in^a„ [c_„pi(-n) + s_„p2(n)] $ x 
equal to — ^ J(a")$ ^. □ 

C.3 Proof of Lemma |3| 

We introduce the notations 

iyl:=lim-/ dypfiyf 

elO b-K Jq 

with pf given in Eq. ( [L21| ), and a simple computation yields 



Ty| = lim— / dy V (c^„,pi(Trii)e^'"^^ + s±„,p2(Trii)e±'"-^) 

eiO bTT Jo 1 
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00 

)Pi(=Fm)pi(=Fn)p2(=F"^ =F n) 

m,n=l 

+s±mS±nC:f{m+n)p2iTm)p2{Tn)pi{T'm =F n)) (135) 

where '(ni na)' means the same term as the previous one but with na instead of rii. 
We observe that Cfl = Qfl = pj{x)Q = and thus 

nn = iywln, {wiy = w!^ 

which imphes that ( |79D is true if and only if 

(*)+-(*)_ := {n,^wln) - {n,w^m) 

vanishes. We now compute (*)_ using Eqs. ( |I32| )-( P!B3D which imply (for n > 0) 
Pi{n)^fl = inc_„a;„$fi , p2{n)^fl = ins„a;_„$fi , 

and therefore 

00 

(*)- = (^7 [CmCnS-(m+n)Pi(m)pi(n)p2("^ + u) + 

m,n=l 

00 

+s_rnS-nCm+np2im)p2{n)pi{m + n)]^n) =5^,0 ^ (i)^mn(m + 

m,n=l 

^ \Cn\ \Sm+n\ C^m(^n(^—{m+n) \Sm\ \^n\ \Cm+n\ Oi—mOi—nOim+n) 

where we used {Q, = 6u],o- The equations in (|133|) also imply (for n > 0) 
< Q, $pi(— n) = inc„a_„ < fi, $ , < fl, $p2(— n) = ins_„Q;„ < fi, $ , 
and thus 



(*)+ = ^ (fi, $[c_^c_„s„+„pi(-m)pi(-n)p2(-"^ -n) + 

m,n=l 

oo 

+s^SnC-{^rn+n)p2{-'m)p2{-n)pi{-m-n)]Vt) =5^^o ^{ifmn{m + n) 



m,n=l 



We thus obtain 

oo 

(*)+ - (*)_ = 6^fl ^ (i)^mn(m + n) 

m,n=l 

which shows explicitly that the relations in Eq. (|80|) imply (*)+ — (*)_ = 0. □ 
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